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Part T - Review of non-linecr clylnawn‘c:

Why clo we care about cutical points of funchons ? Recall that the
diffevential eq wation. mx = F(X,i) govermning the motion x=>x(t)
dﬁapuvh“c/e can be wyillen as a system of DFEs

x = Y
j = #F(le>

which cenfers the analysis o c(ymamfc; on e vecfor frelcl (3) w Pl 7))
in the phase plane . 1f the fovee F clepends exph'clej on Fime, Fhen s
vector Feld also depends onttme. A geneval non-lineav o(yWth;Em/JyJ}em

in n-dimengons is given by a system of DE;

A =4 (xy o, x0) .
% = f (-, 20) z = f(=)

“

x.v\ = 3Cn(x‘}' __/]’m)

ond cenpal Yo ifs c;fV)C?’\ljJI:S s The wn/mpond/“ng vec forfreld on R™ Once
again, we ave infererted in ov;e—lparamef@r familien of such vector frelels,

o just infinikeaimal )oew‘uvbaﬁbw:, becaure those cure Pth/Ea{/j natural.

Tt is %jpv"(a//‘t/ impossible fo solve such a system (see €q. Shogate “Nonlinear
clynamfcr and chaol ”) but nonetheless o goodl c;ua//fa/v‘v*e unc/erxbmd/hﬁ

of The phase Po/ﬁra/'/L is s#ll possible, and this undewtancling is ofgamf@c/ by

- fixed gomb le. Z € R™ such that fl=x)= O
o closec orbib and //'m//"cy@, /\\ we woncenhale on Fxed POM‘}"&



Example  (onsidev the Jysfem

3(‘.", = X _;E_ = I O x

1.2 = '—xz o -l

OF wouvse we know solution ‘}Va\jedmf@ﬂ fo this look like

= (t) = (Aet} Be_'}) for any A/BG/R and 1he p})&we Poﬂl’uﬁl Is

/// \ K%{ fixed point.
/

7).
U

\—\ \

The 1 formation in the phase povhait is wmp?eklj captuved by
the fixed Pomb oncl e eigewv?chm ancl efgem\follue/)wé A

For a 9ememl n—climensional sysem, The behaviour neow any isolated
fixed point can be analysec| in the some way weing the Jowobian of
F at the fixed point, ancl sfudying i eigenvalie) andefyemvecmm.

An impovtant ¢ |uss of dvmamn‘ca( systems ave those which arve wonsewative,

inthe renre thoal theve is a scalow Pofem—ia\ ]L U — IR with U< (R":

== VFf

At leart i ( is simply wnnected, such o porental exish #. F is inetational,
e 29y = 2T lax forall %] (sma Hig(v)=0).



©

Example 301,4. (x,x2) =2" ==, gives the system of the pvevioun example.
Tn general we define for ptg=n

> 2
/PP)’l (d'/"'/;r"‘) = Il2+"'+1p2—1(:1—/ —---— X,

Wh{clx\a{ufy) adymwm{cql system i which p directions « V\epe/” solutrons

from the ovigfn and 17/ dive ctions “athact”
Nofee thaf

{ fixec( poinhd‘f JHJ-]-GVY\} == { crhcal PO3V1‘]Td'7Q JZ}
Vf(z) =0

and o unclentand (fo adfint c(e(avee o{i qppwximaﬁon) the dynamics near
anisolated cvitical point we need o analye the Hesion of £, e

ho— (’BZJC
f ' '&KL'3¥J )SL‘,J'QV\/

h eigewwm‘vm and eijemvalue/g. Aﬂ-ua“g the vight wow +o think of. #his
dafon is as o sUmmeHc bilinearfovim on the ﬁ‘/\ngemﬂpwe TU at
a eitical point € U re.

9>f
<—[—§*U’ </>> wheve <9%£ g %'> :Bxfc)*j

X
x =z

Sudha Pair is called o c‘u\adm{‘fc sp.ace -




Let feu be a cntical poin;. Then with w =% —X" gef'

(,_'(/ = HFI,(* w + 7uadmh‘c fevms i w invo(u/n\q '/thev clenvartiver of fo
H/_F_/
Jineav A\j_SH?WL (L’_))

To whatextent is this lineav syskm adua/(y agood match for e loca(dymam[@

ot the oviamal non-lineay @gs%em 2

Movse Lemma r H@ ‘1* (s invertible (1-e.the aowprondfng bilinear fpvm
s mond@gevlemFe > +hen theve is o coovclinate me;’jh hovhood

avound x* wheve JC =—_FP)a’/ fov Jome P+Z: n, so

‘ -~

He |+ =

In this cone theve are no lnijhev devivatives , ancl the local clyﬂamfu ave
wmpletely captured by the ?uadmﬁulﬂace (T=U, He 5} which in fuvn
ave classified by their signatuve (P9 ) (Sylvester’s law of inevtia).

Def™ A ciitical point x™ s nono)eﬁew@,ml‘e b Hp | is avertible.

Moveover; evew c\eﬁememfe cvitical }oo;'n(f “bifurcates” into some monc/egemmk
Fomﬁ aflev an avloi}mvi/j small perqubQ#bn (eg. x* han a degewemﬁe
catical poink at F= 0, uhile x*=)2z for 23>0 haw mondegewem*e
cafical poinfs at =5z ) 50 3emem'callj evewy cifical pointis Momdegemem@.
(for & good Felling o this H‘ovy see Arnold's TCM oddvess “Ciitical poink 74

smooth functions” fom 1974 ) .



Upshot « if our clgmamf(al syskem han a scalav potential, and we ave

w;’lh’ngﬁ) in%’ni/—eoima”j peviuvb the Jgs%em, e dymmmr‘c;
neav crtical po)nh are eanily undentood, and leck like :

However IF we wnsider a+ime vawing pofential, and vector freld,
theve may be no pevtwbation of the family of potentials which
“bifurcates”" a degewem}f 5/'n3m/avﬂy at fime £ =0 (e 7(3—751)/
and so c{ejgmemfe 5ingalaw'7'7‘ew are also afphyﬁca/ interept. In

such conen the local o[vmamz‘cs involves lm‘ghen/ fevms in (4.1).

Pork I : A cafeggv\u/_ﬁf ctha' Po}n}'s “covBeal Poinﬁ should comwunicode "

Restiching fov the moment to nondegenevate ciitical points, can these be

viewed an Objad? ot a Ca_fegggj? E7uiva)em+{y) 's there o natuwral notion of
movphism between cvitical Poim‘s? Well, cleavly it maker rense fo falk

about Jymme}m‘% of cv}w@‘za//)oinﬁ (e X ¢= — Xz in A ), and
Hws about local Jymme}n‘e/) of Jv-ajedom‘eo near the cvifical /Do:'mt, but

pevhops it is nok cleaw theve ave oy othel inf@mﬁmﬂ mouphisms cL}Dw‘on‘-

Nonetheless, /e}uopm&ed with an amalgsif 14 sfjmmehﬂ‘w and see what fuins up.



The cowect notion of symmehy of fhe cifical point 2 fU—Ris o
i;omeﬂ‘vj of the quadmh‘c pair (v, <>):= (TexU, He ) whepe

Lu,vy = W’ Hp v

Thaf‘is) a linear map TV—V (meca/)fa\fﬂv IJQ) with <TLAJT\/> =<lu, v >
This mgtjeoh at we consider

Det™ The cafegoly X d}g C(uadmht spacs how

—QE@ are -f-o(.vecfom’ en equipped w)'MAa nonde enemfe
) pecen equipp y,
Sjmyne}w‘c bilinear fovm.

— movphisms HOMQ(\/, W) = {T'-\/—>l/\/ /)‘wear/ < Tu, vy =<uNp \/u/\/}.

Eo;am]ok, X]}o=( WL%] P (‘)) = ()Raix"@ [R%z) (cla —O\ )) =: X,

2 2 3 ~N- 2 2 _
<£|)%,>:\ _a—;l)aX;v-)) <af?_/a7(\L>: )

This movphism cowespondh o viewing the “black" dynamizs ao
a subret of he overall /D)/la/)e f:ow’*ﬂf&é given below . Tf wre unite Xp, '3

for the c,madmv‘v‘c space with sighatuve p)q
then theve is alio a mophism Xo,1 7 X, 1.
, However it is not the cane that Xi,) = Ko, @ X’/O)
\\ %K since thewve (s no movphll:m Xm — Xl,o /
rsivwe':ﬁ T(;agb) = "(%) we'd need
2

2 2 _ 2
—”=<%ZI%L>=<0&9X')O¢9X)> O¢J




@

Lemma & is a monoidal (afegovy undley direck sum o}ov.sPcue/)/ withunit O = Xo,o.
(Ho tensor o quadvedic spawr we add fheir Pc}em\-ﬁqlr) 1% dfy’oiw’rvavialomeﬁ)

Example Xi,0 @ Xo, | = X\)\j and. move 3enem((y XF/°L® Xf'/cz) = Xp+)o'/o{+c,’.

Cleavly @ is 3enemh’c/ an c. monoidal caﬁcgoy (1-e. under ®) by the
7uaclm7’7’c spacer Ao and Xo, . Actually Q. is ccimonoidal cakjouy wih
duals ancl Xl,o\/—: Xo,1. So Q is 3ememkd, ar amonpiclal cafegowy with
cluals, by one obj'ecf. Sothat's amwing , but +his isn'tso Fav a c,ovnlvel)im?

care that theve is any cleep Lontent Fo oomidew"ny movohipms of g uadvaitic
Spaces b€3 ohd isomemen.

Nonetheless et un Pem'y/. Associated fo eccch 7uad ratic space /s an
algebm C(V)/ the Clifford ayebm) which is univenal among lR—a\ge/lom/) C
(associafive and unital ) equipped with a linear map L+ V —> C sahisfying

L(V) L(W) + U(W) \/(V) = 2<4Vw) - 1c.
(5o e-g (/(V)z = v A 3

This thing exists, 7s naually Z,-gvaded, V <> ctv) i injective and
C(v) is Zdim(v) chimensional. Obsewe that L T- V— W iv & mowhiim
in Q that we get a unique movphism of (ngmc\qd\ algebros C(T)
mabr\j the «fo(lowfﬂj o[(‘agmw\ commule

v ’ \j\/ TV T(wW) + T(#)T(¥) = 24 ™, Twy -1

= 2 Wy 1




Lemma C(-) isa shong monoidal fnctor Q — /‘”3% , I-e. tThere
are naturyl (Jomoqoh/fm: C(()) =R and

(Ve W )= C(V)erC(w)

——

veally dived fum!
You know hese alge[ovm :
C(Xoo)=R
C(XO}IB’:‘@ (sponvud by l,aix, with (3,)%= -1)

)
C(Xo,z)% “"\ (SPC‘V‘WL’H 1, %‘) %;7_, ?7,%7_,‘“/&(%%‘

thvee of whichh Squaire F - | cnd amﬁcovmmuk)

Remaa  The functor C(=) is fauifhful bub notfull, are.g. the linecr
map Rz, — C(Xo,2) sending = 5%, 55, s o
a moviehism of ZL—gmoud algelomﬂ C(Xo,1) — C(Xo,z)
not n the l'l/VlOlge ﬂ'£ C(—)

OK, so theve are some in femh‘ﬂg Things fo say about movphisms belween +Hese
C liHford algebran. But fov Hhe duly deep stafement wre nead to go one level up,
fo categovies o modules :

cm"}fcalfofﬂf x*af ]C —~ c(uadmﬁcsloa(e (7:_(*(}/ H’C/a*)
~~—> Cliffod algelon C(TeU, He [o+)

> Abelian cotegony Mod % C(TorU, Hel,r)



. ®

C(uadrm’fc spure (7;«(]} Hﬁ/&x) NV — W
()
Cl;’fﬂawcl algelom C( 7;* U/ Hw’i /)_\*) C(V) — C(W)
c(0*
* Abelian ca}egov_ty Mod % C(E*U/ Hﬂ/é*)_ ModyzC(V) b chllC(W)
(T«

Removkable Theve are wiove functors than algelom vnonqohismsf Ane it is

at-this leve] of jememli@ hat we find. someth ing mﬁé‘ciemf{] nomhiviod
Fo juwitihy falling about movphisms of citical points inthe fint place.

Theovem ( Bott Fe‘ﬂ'@d"c"%?f) Theve is gn equiva/em(e of. cafeyow'm, forall Py

/4 - Z,
Mod C(XF,qﬂ?) = M(?d C(Xfﬁ/)
(wa indu(ed by can mlgebm I'SOVWOWD)’ILCWI)

T do notkvow an intevpretation of-this for cla;f/“ca(/shys s, but such
Pe\/iodx‘cﬂy reoulls have been wed inthe contextof N =2 superiymmeme
conformal field theovien and Loindac— G/nzbu@ models, where the
content is that heovies with these potentials ave “the some " (ey.
fheiv bounclawy condifons anc delechs with any o?‘ﬁeyﬁ)eoiy e e?uft/a}eni ).
(see Vafo—Warner “Catushopien and the classificchion o conformnal feld Hiooren"
for the gen evol stowy of 5in3ulaviﬁeo vs- CFT) and Byvunner =Hovi ~Hosomichi-Walckher
“Orienk folds of Gepner models" for relevance of peviodlicdy ).
So we have (Pjeudo)ﬁmc%om which ave both suitably shongly monoidal

)

S > Ay > Aty

7uadmﬁc spate) Zl—ﬁmdzok algelam Z, —3mcuc/l alyeiomo
(olgebrn motps ) bimodules (#-d-)
lbymoclule m oips

( b{categovy)



Def™ The “worrect” ca feqony of nomdegememfe cvitical pointyis The symmetnc monoidal
loicajfegov_bj Grit"™ of Clifford a/gelorzu C(V) and ZL—gmdec( £.d. bimocluleo.

B~ T Liwodule
— ., >

I

B/

c(v) | c(w)
loi module mep

soforeach V,W we have a ca’rego_!y

Ct™ (W) = Bimod 55 (ctv), c(w))

a oompoﬂ%'om functor and a funchor of bicqfegovieﬂ

@« Cit" % Gt s Cit™
(c(v), c(w)) —> (Ve c(w) =c(vew)

Sah\J®7.n9 o (OV\\? lfj‘lt d (,Dl/lel/@lfl e (,OVIC’IIHOHX' ({V\c. lomfc\iﬂa andk rUI]ePsf:)
e. Montn eqdl\/v\lw/\&

Remark In a foicajfegovy /B we unile X 2V if theveare FX—Y, GV =X
such that FoG = jv) GeoF = ZX.W@V\ /N Cﬂrltmc‘ki Bo#—Peviuc)"f}/\LjJa\tjr

®F

® 8

Xo/\ = XO/O, (leo - XO/O)
n \ —_—

In fact it % is . monoid al b/caf@gol/y witth duals and X),o = Xo,l.

Really we should urite an’JrV,;:j} co this monoidal bicategowy with duals

exisk for ouy (char O, lets ray ) feld R, and 8#7[@0;"7 isjenem}ed_ (wring

also duals ) by an olojed which'is 2-pevodic, re. Xoﬁz = Xo,0,4his

s lA/)lAOl\lj called Knsmer )oew"och“ci/j_




Fourt 1T - Degemeva‘re cvitical points

As we have alieady discusred, #wecare about families of vechorfrelds

(e.j. ﬁma—vavging po%emﬁals)/ ond we do, Then o undentand the dymamrcai
fmp’fcaﬁom o a cvi’/?‘ca)/:)oinf i#is mofemough +o only consider n Dndeﬁememk
cwtical poinfs. Infact the stow of genewml (shl isolated) cohal points

is much more mjrelwwﬁ'nj

Question = is there a 5fjmvmei\/fc monoidal b/'ca/‘ego:/y with duols ﬁm'fk of
all isolated cuitical Fo)mLS and a monoidal functor

d
Grit,” = Crit 7

The obvious Pw\olem is at iFis not clear what glge_bV_a we should atfuch o

a ctical point that is degememi-e. Somehow +his algelora should know not

onlj about the second denvahives of £ (which went in+o7‘7/L2/3vocLuL/L ‘nthe C(iford
alﬂebm) but about all C’QW‘\/O?"W‘M) buthow fo p(xd“j%i; infovmation s’ Hlere
is the idea. :

o (T U, Hel v ) wan associative but failed 4o be commutehive,
with the feuluve meapured by the Hesdan Hr :( azjc/aiaaxj‘ ) i

¢ o a cm’{ﬂ"ca(/oofné o a /oofem‘ﬁh/ J[we asrociate a
Z72~8mded /-}oo—alge(om (4, 25*)) o deppomation of the Clifford
alaebm of the C(LAOLC[VCULTE /Dal/f of f af E*/ whore hn‘@lnev Pwdu&cﬁ
contain the information from the vert of the Taylorexpamfon
o £ avund x*. (vie mabix factovisotions, vex e.g. M ““Cons MCHf\j
Ao —cafeao»/'l(’/) dﬁ max {acf@ﬂkaﬁo ns " fFoV references )




Z>

n c\g cvana\ |3t C| THor A\ 0\3 .

C ()

d ege nevode cubical p\r

3 2
(eg. 1= Xz nowjrvivia\) Vi vodvix closuve wifh respectfo

\’\i\\ ’ﬁLdDriqu oms and dﬁ{;ovma%bn:

Ag -minimal modlels

/ﬂ/+
A // (kidel, Dvc\aevhoff, Efimov, Shevdan, T“/"'B

2= 39‘11

Z, = —27%,

There is e bfcalfeaovﬂ Crvit g whose o(ojed-: ave these Ax-algebiaa C(H =) and
whose [-movphisms ave Ao -bimodules (Huis is arertatement of o result

m N.Cavqueville =D.M. “Ao{jDMIT and defecks in Loandau-Giinzburg models ”)/

and. move vecently irhow been shown that

Theorem (Cowo(uevi“e—l"lom%ﬂa /H?) &n'ha is o J\yl/nme}w"c
mowor clal b(’cafegovg m whicl evew olject is Fully

dualisable, and thevefore detevmines an extencled
2D famed TET

£ .
BOVC‘ 2,1,0 - Kﬂé,R

A
"‘dﬂ ( k ig]R Mﬂ/’@?f
Mo reover étfil:(.{ C Cvitg. nofafion

/Q egfemh‘a\l:j due o Buchweitz - Eisenbud -H erzog .



Remark (et a. wionoid /b/cafegovy /B and A€)3 a mgh%—clual +o A

s amob)ec%ﬁ and |-movphisms  eva: A@AT— T

coev, : I — A “®A ﬁﬁ@%@f&»/)m curp 2- isomovphirms

(think Zorro moves U) = ] [‘J—B» ‘ bulfor 2. —chvnem\om\veg\bvw)
If )3 is symmejmc mommda/j A s ﬁulv dualisable iF hew

o dual DbjeC" such that both VA, (ORVa howe botlh [eH

ancl viﬂW‘ aoyom]'l-

Rewarde  We awe elic\in9 the diffevence behween gevims d‘F svmootlit
((wolomowphic ) functions, re. convergent powerevien, ancl
Pﬂjmomb\\s (e clefMs of the bv\c&f*egovy L EGRr_ T a\ngmfc
ancl only allows polyomial potentials ). This is harmleos because
of finite determinacy (sec §L.2.2 o Greuel—Lossen-Thutin
« ITypho duchion+o smju\laviﬁe/) and defovmatiovs " )




