Derivatives Of Tuving Machines in Linear Logic Us1&
J |4

The aim of this Talk. is fo explain how fo diferentiale o Tuving machive. Move
Fvecixelg cin auvemavkable paper in 2003 E hvhard and /Qe(gn/'er Aefrneol

+he denvative of any algow'ﬁlm with m"/J/)eciL Jo one o it mpuds n the se thn 19
o lambda calculws. The devivative of an a/gor//%m s iselfa kind Gﬁgalgo/ﬁﬁm)
but in an e)&elnded /amyuage ca”ed d:’%mmﬁa/ /amba’q CG)CM/L{O.'

(11 T Ehrhord and L. Reguiev, “The diftevential |ambclo-calculuo”, Theorehcal
Computer Scrence (2003).

They puove some shong reoults clbout #his syrlem, but when T started Ioolamy into #his
with i then wasters stuclent James, we weve shuck 0n the one hand by how
voclical itseemsto claim thaf any a/vqow"ﬁ?m haw a devivative and on the ofther

hancl by how inscutable we found the answer. I+ wasn't-cleavto s what it
wan that the devivadive of an alg orithm compudep.

fart of the pwhlem, we decitled, won thalwhile Tuung machines and lambela
calculuws ave equalent formalisprtivons of +he inturtive notion of an alqom’ﬁ»m/
inthe rense thot the came clagr of funchons N—>IN may be enwded in both
(the wmpurtable fanctions) These fuo models dfoompmfaf-fm qre in othevways
vew diffevent . Forexample : itis more intuitive o pwgram in Tuving machien
than jn lambda calealws - So mmgMy Jpeahlhg) we el out+o see whot the
E\nvhard-Regw'er clevvative meant 4or mqu machines, in ordevthat we mfyl”f
obtain o more wmca/ﬁua/ Mndem’amdfng of the devivative £ algovithms. Todag
Td like o present whott we found. Oofvjamfwor/z onthis is spread acioss Three
papew, thelart fuo of which we ave puthing The fnishing Fouches on cu(/vvnﬂj,

T side - h[youx enjoy mathon the bovder of logic, categovies and computation,
check out our Jeminar at http://therisingsea.org/post/seminar-ch/ |



(2] J.Clift and D.Muvfet “ Cof e walgebzfm and difteventral /inear logic g
o Xiv: 170101285,

(3] 3. Clift and D.Muvfet “Emoodfngs of Tuving machines in //'neav/ug/'cf in pvep.
(¥] T-Clift and D.Murfet  “Devivatives of Tuving machines in lineav 109:“(," in prep.

Oudline of the Falk

() Twvoductiontv Tuving mochines | why devivadives dlon't make sense
® Noaive Bayesian Tuving machines
©) Tl/lec\ewaﬁmcffamving machine

® Application : gradient desc ent

Tohoduchion A Tuning machine Misatuple (Z,Q,8) wheve
Z — fink +ape M’p)’?abef’ (DGZ is called lO_lOlln_k)
QA — ﬁ'm'f(’ ref O‘-IQ Jtaten
§:5x@—>5 x@Qx iL, R} — tansiton functkon

z,0
A wnﬁgumﬁon of M is an element d}ﬂ 2 x QA where

ZZ/D"’ 1$Z -S| $(1)=D fral bufﬁ"'”@@ma”g VL}
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The S'J‘ffP'ﬁ/\V)C'HDV] of M isthe funchon
Z 3 [&]
HSPEF-. 27 x® 327’ x
denved fom J accovding To The Jchewe
K—ca\lzdme\/lg&_d
cal\ed‘i’l"Q'\fﬁBﬁ
/ M Step . :
. 2,1 g_[\| go 2; gz . /\/\/\/\/\/‘> - g.} g—z g-| gc,, é|
(he\re {:Z% 2, —J;(n)r'bn) (heve {(0):3,{, 15()):2:/ 3

£ $(30,9) = (85, q/’) L_> (similady for RB

Devi\faﬁm? Suppore we mn M fov t sklo_v, and call the UOWRV\\TG‘()—‘H')Q
tape squaves undevthe head atdime O and fime t by, veapectively,

2 3—‘|1 A1 e B ko T_.|gj I |7

Cleavy y= Y(=) depenclpon x (viewing the 8: o fFixecl )) and the paiv
(x,9) detevmine a+einction f:5—2

o Sing 2 is finite and discrete , £ hoo no meamingful devivodive, buf
+ theve is miove infovmation in the algovithm M tnon in the function £, anel

« fomthis infovmodion we can exdact a Vweawmjful tungent mep TF.
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Buk wl/uj should anyone are /'F THs can be C’I'f)eel/t"’!ﬁa?LPd DVV’Of,? LeJr me 3N\e
+no qw‘ck reanons -

) Algorithms ave fandamental objecsof mathematis, it they admit an
inMinsic and coﬂcepﬁ’ua//g meaningfal nofon o clevivative i is a big deal.

2> D(ﬁfevenﬁm'mg THs js the /eey-fv mafe/ngfeme o [(J/ODC@ "ol s, in
way haf may have app//'(aﬁom i e.q. Machine Leavning. Moreonthis of
The endof the falk.



. G
(2) Naive Bayesicin pvo‘oabi'ijry

CovwcePhAO(“ﬂ The meaming of-Ahe devvative of F is 3wuwcled n a vewion
of Bc«geﬂianfawbabiﬁ}g, as Twill mwexplain. Uthmalely, howevev, the
cle wothpe isjm#ﬁed ontechnical ﬂwundﬂ becawse it is the E[/lvhayot—ﬁegl’li@f
devvative of an enwoding of = i [ineav hgic (ar T will explain in pavt @)
Bayesian puobabi/@ axiomitises a (meh‘ao funchon

”D : ﬁ % ﬁ > [O) ”l MP]-(Q\\H >< :x} WWV‘Q

(po) — P(p1e) X is arandom vaiable

wheve A is a Boolean algebra [/\/ v, 1,01 ) Of/ow/;oy'ﬁotos (Cox 1946 )}

We vead P (7] ‘L) on The wmd)%bncd/owbab///'@ F p 3,1/% 9, 7‘%0{49#\7‘075610
a degvex of belief assigned b\lj an obsener F‘reqmenﬁsh Yake PCPIq) = MPACO/D’(C])

whenever this make Jense,, but Bayesians aixiomitise Plple) clivecﬂy_

Puoloqbi/ir]'icslep Giiven a sef Z we umle

AZ-{ 2 NERZ | Nr0 pudlz and 5,01 | < RZ

2e/

for fhe space of (ﬁ'niﬁefy Suppov/fd) pwbab//@ distributionson Z. The JSlep fnchion of M
hon a pwloab//if#c exiension &sﬁﬁep defined by

sHd
AMJJ"V“ 0 s
A(Z)Z/Dx&B P %A(ZZXQJ A:&J{P(C>
j f )
Z ZJ COL’ &
me@ > ZZ/DX& & (Ms@}wm )
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We view CE Al x Q> an clescyi 5'”9 the umcevhlﬂ*y aﬁa Baqwan observer
about the wmﬁgum%om 0}2%2 machine, and A dl‘ﬁp C) onthe onPaga%on oL iy
qncevﬁun@ o the nextHme skep. Fart of-1he novmationin a dishs bution ke C

is captuved by the dishibutions of the romdom vavicibles

YW (WL) — Lordent 0}0 fape fquare in relotive pDJNot atfime £ ( ) )
S(+) — skdead Fima t (R)

But theve is addiional /mﬁvmaﬁon m C (/-e-jo;'m’ a’/’wa'éwé‘omJ_ Using vandom variables

My (1) — direchon o move at fime t (R/L)
Wr(f)—symbolﬂbmk at fime t (=)

and givensome initial Pwlaa\oil:hj C othme t=0, (S: SxQ— T xQx1{L, R}>
@ P(Mvlt)=d[C)= 27§, o 4 PORW=2~5t=q [ C]
2,9 ®

® P(wr(h=23|cC) = 253“,)\-5 P(Yolh=2'r S(+)< 9] C )

é!)9

© P(stir)=q]c)= > 5&(3«71) . P(Ve(H)=2r5H=9" (C )
5,9/ Sl

@ IP(\/MHH):B)C)a Suﬁf:nD(\/w\(Jf — 2 n Myt Rlcs
+ Su=-1 P(wr(t)=2~rMy(t Q'C)

t Sug (P( Vs (F) =2 ~Muth=L | C )
b Sum P(Wr(h = a~M=L] ¢ )
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Notie how we cannot compuite

((//)(\//MH*/)/C))MEZ/ /D{J[H )) &2>

purely From the dlishibutions fov the same random vaviables i\/u}qul S at time €,
because weneed 4o alro know va m'O{A/)J'Dm%d)'J%w'ZomL/bm. This need o maintain

Joiat dishiloutions af each #ime step explains why f(/pwbalof//’f/v‘c/pwgﬁmmmy " s
oompw‘mﬁona//j expensive. The “cheapskate g approximaion To Amstep is o

cssume fot fall C € (D)% AR han mo comelationsto begin with, and

compule at ecch skep assuming conclitional inclependence (afequal Hivmes) o pain

{7/0/ S}) {\/U\/ (V]V}u_—/:o) {Wf/ NV}
That is, we define incluchively

@ R, (Mvlt)=d | C) = Zégm_o\ﬂiv(/ (H=2| ¢)
Fov ( S(H)=9] C)

R (W =2]C) =2 80z Fu(¥th=2"] <)

¢ (Pm,(sm (<)
@ 4\/( “’ Q‘CB 27- 55( 1) = E‘V<\/ WL) 8] C)
* i n\/(s(+)P IC)

© P (lbr)=31) =R =R){ fug B on (-2 | C )
t+ du=-1lf (Wr(h)=2 lcj}

¢ P (MVO=0)] Juq B un (D=2 |C)
t &o\ff\(ﬁ\\/ (V\}VU')—;é |C>}
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We cafl this naive_pwobabihty since the jame Rind of “cheapskale” conditional
indepenclenca hypotheses ave uned in machine leaming o define nawe Layesian
clascifiers Nole that

( (ﬁfv”““*’)/c))ugz/ IRMJ[H;)/Q) c (&Z)Z'mx AQ

wn be compuded From the naive /puo/oalo//i{y distibutions 07.0 Z[ Yo (#) }m, SH).
Thisdefinen anupdale vule L skep an inthe ommutodive diagram

ﬂﬂs}ep
(n2)"% a8  (A2) 77X A0
J )
z,0 Z,Dx
2 xQ e > 2, *Q

which we Fink of s the fime evolubon of o naive Bayepicin olosewer & .
We call \mstkp The naive ’PLOC{b))iSHC extension of MStep-

@ The devivadive of o Twing machine

This shange puo loabili/y isjmﬁﬁed by

Theovem (CIlif- H) The Ehrhavcl—ﬁegmferc}evimﬁme of a Taving machine M
computen the clevvatives (tangentmaps) of /) step.

By the El/lvhavcﬂ—ﬁegmf@v devivative o (M we mean e devivative ot cm encoding
of He t-skep Function M as a Fuouf/'n /lheav/ug/'c. The denofation of this
devivative unclev o pa://fcu/ar semanhcs oF //'ﬂem//oy/“c in veCior pates gives
a lineav moip, which is 7%@7‘7;1//)9@%} map 07? (a ves Mickon 07@) JAYWR; %e/u €



\cmﬁmaqe, U‘E closed JHVWVWQ“W c WIOVIDIC(C{\ Jwrur

ol eﬂome/) wih ofree woalgelizn

enwode
% Tuving machines } —> )f llnealf log\cgwo%}
/ add dual mm
based on worl
o Quivavel { diffeverhial Imeav 03|c PVDJ}%} —f—’% Vech

el
/‘3U X Jweederfemay)hcj

Elwhovd-Regniev (bewed on cofree wa\qebm)
dewatiie

Theve is noFime in 1hisfalle 4o exp/ain Jineav /Og/b and Thefheony ofwa)gebrcw)

so for the moment the Ewhavd -Regnier deivative is jurt some complicatec]
Opevcdu\r on Teemys in o foymal [anguage . T wanfto focuns on The ﬂumc]em} mops o Amde]o,

Consider mming M for ¢ steps, with o fixed inifial stale and fixing all the fzpe
Squaves exapt for the one miﬁally under the head. Affen L steps we vead A
he symbol underthe head ancl ignove 1he m%foﬂﬂreju}ae and the siale

v fixed
@ t steps @

L i~ 7L T
Fixed Sfixced|
This qive) a function
add 39 Msl—ept 20 dis card

s —— 55T xQ —>» 2

which ispvecuely f S > ﬁam eavlier. The devivative ot +his fundiom



b

dvern't make sense, becawne we can't infiniter mally vauy an imput X € D . Ral
we con Vo such an inpuf insicle the J)'mp)ex xe23 €N Hfueallow some
uwcew'u;'ny abouf-the symbol miﬁal(y undeu the head, and Pw\oagakﬂ/\ajr
umcem’ﬂm@ wing the naive Bayesian appvoach, we hawe the. bottom vow of
the following commuting diagram

sbept z,0

s — %R S ke —> S

[ Lo

AT, —— (DY %R ——— (AT) AR —> AT
A | shep

et w dlenole the bottom vow by A\ £: AT — NS , which fsa gmootin
map of manifolds with cormew. Suppose S3=13, 2} sothat we con identify

T [0,1— AS, :

h—> (1-h)2+h2 }\*\\

which givey an identification of tungent spaces

—|;<[0ﬂ> N 7}(1)(&25 C —[;(x)(Rz>
[ 12
RZ R(Z-7%)



oind so we can consider

T(p ) T(85) — Tey(ns)
o 2 " (>\<91A 93(5

Then an infinitesimal change in the input from &, viewed as an infinitesimal
revision of Hhe naive Bayenian obsewer’s degree of belief fiom cevtainty gaboat 3
oo stale of uncerfainty (1—Dh)3 + Ah 2, prpagates fo astote of umcev{vm@

about ou&Puﬁ (assuming £(2)F {(3) )

(=) £@)+ anh £(3).

_[_;;(&163 encoder a rate of change of belief A, and

UE\SL)O“
the Ehwhard-Regniev devivative of ™ compules this 7).
Summaw Semantics of linear logic giveron notural "Note Pwpagaﬁr\g
o 1o pro po\go\*e anceviointy Thiough THs, uncevtuinty wifh A
- instead gven A=y

sd. he vate a—f anomge of this uwceﬁmi/ﬂﬁ is
ompuledt by the Elwhovd —Regnierdeivohive ¢f the TH.

() Application : 3mcliel/ljf dlescent

Tn light o fhe aibove we can propagale unceviainty thwugh avbitaw algoithms
(Twing machines ) in such o woy #at +he vale of. change of output-uncetainty
with 1/190})66/'7‘0 /VJ/DM7L W)(Gﬁa[@ ’s computed by the E hhard- Reglnier devivatire
of the algovifhm. If we apply thisto a Univewaed Tuving Mochine (V 777) 2L

w¥ get-fhe fo/)owmg pictuve.
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To simulde [T on 2L we inpukthe code <(M) €10, Y o some designaited

pavtof ZLs fupe, cund fhe inpul A €40, ¥ on cnother paut of tha fape.
L M halhs on inpu? > weith DWpr‘j (written 1 (x)=Y) then 2 hallr
on /'/)/Qaf (C[M)) )C) with OM#M@

2% = [z
ce <
E/ £
- /—/\_\ -
////'\ c(1) g o,

Rodem Civen (209) find M s.b. M(x)=Y within t skps.

Reshicting thu skep funchionTo a fixed stewt stote and VQ&CEV\S o only cc.
region of T final fupe gives ualrept {01} < 10,1} > 10,1

whicln hew o naive onloa\o‘;(ish‘c e xlension

a A ’6/ One adds o
Auslrept: A{Dﬂ} xNfo,} —— Ao regulaui safion teum
foentuve oIV 5 ave
achually in {o,17*

Takm?m KL"diVelffjeV\& 0190“/“1' (9(/‘1) 3]@ QJVV]OOﬂ/l/\ VV]&P 1-¢.ave THs
LZ: DKL,( J n Au/SJﬁ’-Pt(— )l>> : (A{O, l})q—e R

Cradlient descent with rerpectHo L is ooy of secuching the “space” of
Fvoloaloi/ffﬁc algoithm s indexed by (A fo, J})ci in which actual TMs it an
the verhian 19, ’}? wing devvahives of L anclthus of N\, stept and #hous
fne Envhard-Reguier deavatives i 2 belf.



Remark To acjrvtal(td per{mm‘l’lni; grao\ievﬁ descant on A{O/’}q = Jo,{] -
we howve 1o compuk ar each step H dishibuhion

Asostept( b, x) (%)

for soma point h € (o) ']q for ASH%U calculation hantime

Uow\p'exiaty 2 because inthis ce the 9mc|l'ewf’daumjr nefxem-z\al/j
J’M\rﬁ/\j{mq evewy Tuving machine with vode le mg%\ < A& to find wne
that works. Thu gmdl\?m#de/xfmlr wrg JARHAT poinfless . Houwever

the Fime wmplexify of oom[JWL?\Vlg the naive prba bf/ﬂy ()

Is PolynomiaL) s0/n prnciple itir a feonible way 4o search for ngmmf.

EDCQWIE]Q Comic’er the I}J€Cial (e a=2 oncl '6/: )) = 1le Zr

Lo (o] =R iod (horhacafn

L(wR) = —In( Daskpt(h, v, x) 1 )
Now vecadl /_Xvug{PJf('/")1>i" [O/l‘]zfé K
Ty (Ausk'(-2) * RRORTE——R s (A, 2)

)
——%L(lo,{?):: //\\
Daskept (h ko)1

’%L(%M - N2
A?/L‘SRFJ( ("‘lhii)ﬂ_




