/4 CfaSA course /‘/) S/‘/I/l,p//c/a/ homo/cg/q; Lo bh

Coelllicients in 2, .

Aim for 6%/& fecture: 4o de%/ne the 5//47/9//0251/( //)OMO/%J Frowps wi ¢ty
Za oefficients associated bo a 6briangulable $opological Space, and
(9/(/‘6 an @cam/s/e.

/J(lcff‘oﬂc@é{ , S17) //C/d// /70/700/0 Cdme 5#@"8 S/'n wlar homO/() .
(/L)I’J,(;/} Py M)L)a'll ﬁ mosé/& (AI% %d% (j; jﬂ

S}W}/D/[C/a/ %Oma/cy M\J &’/rﬁﬂu/a/‘ /Oomo/% are Lo d)#el% /}?&%ozfr
Lor c@Dm/uz‘v'nda éﬁfenéﬁ'@(é{j) he Same object.

S/V"} //'c/'a/( A@mo/o :
F Po&/%v‘wgg: More 1tuitve.
A/%ya/ﬂ'uﬁ: Slightly restrictive, is not delined for el Spaces.

S/Wu/a/ ﬁomo/c%ﬁ :
Fos i+ e @eoﬁme,o{ q@f all Spaces.
e P/‘Q@ much wseless coighouk homo/%/m/ @/j%m .
Re%ﬂmd

nves+ment:



ﬂa /Z{eél :

1) Start with a triangulable Space X, 7ﬁor escample, the Yorus

=

2) Find another Space homeomorphic 4 X, which s //ém/é“ log ﬂ/ucfﬂﬂ

P

%che/ﬁ/»cf So  called ”Simp/[ce;“/ Lhich jenem//se the érﬂ'agy/e

b/{ Manﬂw(w#—}on Fof

each of +he f\edmnjudar-
foces is not lluserated
bus }mda)fd—}'{a fPeJCVlél

Such a space 7 along with a /oomeomozyé/_rm h 7/ > X s called a
5riw(7/qu/a+%0n ‘ZF X. I such a pair exises, &hen X is briaggulable .

?J) ’Degﬁ'na an associoted Ségaence z?,l” a,ée/far) ﬂf—éups,

v/Som(i oar‘oCes.s / Sfmp//'f;éajxkbmo/% (jroufsf

; H, ( X)},:o or

Broad guest onc - Me chanical guesé—fons.—
B1) Whg would  anyene do shis” ML) What are the definitions

Mz) What s an €xdmp/e?



Answers
B1) - These g rovps  are independents % bhe ériangulation Y.
T hese groups fm{n’d'zf a %ofo/gﬁ}ca/ Invariant. .
More. precisely,
The. Lee (Y h) and (2. 5°) Lot be éﬁanﬂm/a%}c/vf Sor X
and  Hi(X) be the ne [/lomo/w Jroup defined wsing 7 apgudartson b))

/'Iken 7£Dr al n, . ,
HY (x) = HI(x)

L I:oma@p}ﬁc,

Hence, the > is dropped from &b nobation HI(x) .
and.,
ThZ: et X and X' bot be briangulable Spaces, and  assume
X =~ X’ Then ]%/M n,
Ho (X) = H. (X))

Homeomorphic .
: L I:oma@p/ﬁc,

Remark: In fmet, more can be Said, there s a notion c# e}u/un/encc ??
spoces, weaker bhan bomeomonphism, Called homotopy  equivalence,
which alse preserves  bhe  homology  and Co/uomo/%; Jroup. This alse
%i&é//{ﬂ//}&f the )m/orﬁw;é jﬂ'ﬂ(’é thab neither homo/% nor aquomo/o;aq
provide a classif cation of Spaces up to homesmorphism. In face,
neither do  either provide o classifscats on For Spaces wp bo
ho;fnol—o)ag ej,u/‘u-a,{e/)cc, but bhat is  arnosher Foery .

M i) [=1rse, e neced o be rmore /7/‘6&/}:’@ dhows  vohat a 5/776?;300/@790/7 ).
T he 74}@6 Séep bocvoards this s bo jwo/a/()fe &l &m‘aﬁ/e/

DeJ(’O: et zfaof,./ aof be a see ef pPoinés in R™  such that
36(1-0,:,‘.., On-a.5 are //mear({j /mo/e/oendemé, then the N-Simplex
Sparned J:y Qo,... A, 15 bhe set i ,

§DCG RN Ibo,.. tne Ry, 95:;§é¢“4) Lp;’ie;—,l;(?



A 1- JiM/o/e)c is a [ine a 2 S)m,o/cx s a éﬁﬂnﬁ/&/ 3 smplicies are
tebrohedrz, etc .

ﬁé | dea @U[) 6%;2 @/ﬂoéf%esis/ s that the éoumd'arg éf an N~ simplex

can be G iven é;rbermaoﬁrg n /inear/y independené poinbs in R7\{of 1o each
octher amd 4o the origin (,{J/h(ﬂ Sbraight lines, and &Ehen 6)fan.s’/6b{-/'%

His whole Pt % Ao .

TF we demand  ehas N-Simplices a//wcacys bhave é&he Orygirn as one %19
bheic vertices, then 16 iS clear &has dhe boundarpy of an n- swplex /s
1o be (jz‘u@n by a choice 45? 17 /Mear{d ndependene, Nor -3 ero pomnts
aﬁ R pra/f/r, we do o6 Loans So f,nforc/e ehis reséricéron, and
So any boun%ag gl ver é&r a  Eramsgot7on %-Z &his picture Is allowed .

Dedfﬁ: /{ Sim/o//‘(//‘a,{ Com,p/éac /‘5 1z Seé& K af S/Am/p//’CéS such 6%6?/6
 Any Simplee spanmned by a subset of vertices of any Srplex n K is in
<K
- The 1nlessection % any Lo ﬁhq/p//c)c; IS a S}mﬂo/ex m K

Def?: (riven a simplicial complex (<, leb Kl be bhe wrion o the
S)mﬂo/icas JJP K. This becomes a %o,ao/%[ca,{ once erdowced wish he
Subspaee éopo/zg \

Deoﬁﬁ; A ém'ar()/qu,/o‘uﬁon (%~a space X s (a S/Am/o/[c;ﬁu( ’Com/a/a /f( 6{//0/7%
with a h0me0morpé/:m h: Kl > X TL a &rran wabron exises,
bhen X s sad bo be 6r7'am(/4u/a5/e,. T he O—S/m/o//‘c}es %/ K are the
Verticies @i X .

TF X ic a éﬁa;yu/a/ék space and K s a SZM/D//c/a/ 60/)7/9/6( such  hat
IKI is homeomorphic 1o X, Lhen /'/ Us,., U; are the vodices of X then the
notation LU, , .., v 1 will be wsed +s denote she M~ Sinplex Lith verhices
Uiy, s Ui, -

Also, b0 make d%hiév‘on.r Jater on easier 1o Sbale. i IS Conltnient Jo  AsSdme
the vertices are /-Ofd@ ordered .



EQC&U’VIP/(_’,.'

The ﬁ//ow

’f’ﬂ s a &Hanju[&vﬂ-i@n of bhe borus,

a b
(Top and betom ed,
D/J an (o] m E e
d < £ 4 identified , lefe and
(j I . g Wgﬁrb e,dcge_ /Jw'/—lgacde)

% c o
which corresponds bo  the fo//ow/mg image , whi ch s émjﬁ an eméea&//bj in R
48

%}W Z‘ nor ’/ Loork éaouua

the 7 hole " df che torus ynade %g d)e éourw&(
Shapes O and O m:p@h-u%_‘

h

‘} 73 t('//\ Manﬁw(w!-{on ]Cof

ecach of +he mwa@mr
faces is not illuserated

but ]m(;olfc,i#g present.

For the sake of S/'M/o//c}g, the simplicial homol

) roups wi Cé)e%!/'&/ﬁ/)éf
N Zjy ol Le /U/\Q.)’éhéed. 76 Shoudd be éor/?cdié gﬂ/\nd thasb LOorkin)

Lor6h
Z, Coefficients does d’iM/p//é &he Jtory considesatly, but-is Suff, crent fbrb’/
Q% &%/‘I

e Ji aée
Sem/nar.

Let X be & 6r‘5a;(f)j%/qé/a Space , and lee K Le a &/‘m/a//‘cia/( Complex. such
thats K| s homeomorphic Jo X . For each nzo _ let C.(X,Z,) be é¢he Jree
abelian g0 with Coellicients in Z, and bass given éd the. N-Simplices
o K. Oefline bhe ﬁo//ow/'ﬁ map  for each n>o,

On: Ca( X 2z,)

ZU: , o, Yl T

— (o (X, Z,) .
,_ﬁ(-i))ZUcl,m , O:J-/._., vl = -Z:[U'm---/ Sij/-—v ¢

U'v\}
J a y-o
Omit j k L.
- TIn Z5 Coejﬂ\(—lc;(e/nef.

z,d .

al’)& /66 ao : Co (X/ Zz)

ﬁﬁ: V”Z@/ 9n+:. 9n = O

> O be the o0 map .

(Prboqﬂ 15 A S/\M/Oé/ Cd/cw(mﬁor)).



" er( 24) .
De%—: H., (X,‘ZZ) = % (These are éhe S/H/%D//-C/\ay( Aomo/a(/?

Jrovps of X with Z> Coeflicienbs .

E)CUZ/MQ(C:
Consider the ﬁ://ou)}nj éha@u/aﬁan Qf the torus T,
a b c a
d e £ A
9 3
o Va . oL
C<> C’,-/ZL}

ﬂwen 6& O?QV&/’)/’HO/I, Ho (T, Zl) = im(9;)

Recall hat C.(TZ.) is the abelian group frecly gensatd by the O-smplicies
qf &he érid/lju/aﬁor)/ e, the UVerdices &, ., .

Siice he Coeflicients are in Z. an element grp Co(T;27.) s (7"“” by Marking
a Subset & the verfices.

7C¢an be (flqo%hé

!99&5“
%’ c+f+j At

Sim//ar/&, e/eme/néfg?Ci (7,2,) can be %oaﬁéé 7,0 as a morked subset of the ecgres
1 he éﬁ&//ju//aq‘ﬁon- lee. o e Ca (f Z2) , C’/f)o(/((yké # in the abooe wag
Then 9.0 marks each verbex ence f’or each edje m o 16 s an end poin
%P ,
Eg

T — These e,c//cy are wiarbel
. . 9"‘ > / éb\)/CC/ and thus vonish

e

//us im (0+)  Consisés g? the  set @@ mafé/n/r Zf vertices o éhe WW/W@%‘on
with even carol/na///’é.

Claim: /f 9/1/9)2 e Co (T, 72.) both have +he same pan’? d vertices marked
Cie, the number ¢f Uerfices marked e bost, evon, or both odd ) 4hen &here
exises o Ci(T.7.) Suck that Dio + 7+ = 75 .



Pf‘oo(F: Wlo(jr, assume +he number @,D vertices marked in Vi s lese than or egaa/fo
the number %P verdices marked in 5. leb A. Le the seé o tertices thich are
marked by 0. only (nofice éhat il Ao s empty then U1 =72 and we are done).
Then 1451 2 1421, " For each vedex U e s, let 05 be an element of C.(T:7.)
grven by a path with one end poms ot O, and bthe other akb Some
verdesc in Ax (choose a different verfex in A for each ) 6his < a/wayr
fomx'é/e as T /S pa#i Connected  Les B be

bhe Set 0{? vertices in A C@fféfpond/hjfo bhese  paths . Then  +he
Ca//zfmall'? @Q A\B s ﬂecemafé/j even .

ﬁna[/g/ aré/ér//a//'/ Pﬁ/ﬁlﬁlon A\ B inte 2, 67/1/100{ J/Z@d cS’M/é_S’Of’I} C1 omd Ca.
T hen iﬁo/ cack, Uerbex we Ca, let ou be an element of Cal(T,;2Z2)
Jiven by a path from o Some vertex in Cu (cheose a differens

Uerdex in Co for each uc Ce). ﬁ@/ @eqﬁme_ o 4o be &he sum g” all
these paths 05 and  ou .

A similar dygument Shows +that /'O[) the makings D1 and D, are ?? d/#c/e%—
)oa/iﬁef/ then &here 15 no efement ¢ Ci (T, 2.) JSuch &hab 724+ 2:0:=2%.

Thus He (T 22) has 2 elements thus Hi(T 7,) ¥ Z.

Remark : A he above argument holds in  more g@iﬂér’_a///y than just bhe forus.
Tn fack b holds For any loaz% Comecied JSpace . With a litle exhro
work , /4 can be Shown that [for a éﬂﬁam(ﬂulaé/e Spac X

Ho (X, Z2) % sz, Lohere b s +he number of /pau% cormecitel
Components 0}0 X. This g/ue; an  excample %? how +he &L/Q@éra//c
Seructure gf Ho(X,7.) can be wsed bo mohke statements aboub &he

bopelogy of X.

ﬂhﬂ /‘cma,,‘m‘,qé g,@afs are V%M/Vw{ m a Similar ch, ﬁAc O&//ow)rg are  seme myﬁ
skebches ohich Agé//iéé the main ideas.

ker(21)

H, (71 2.)= ,,,,]—(92) [ ements in her (2.) Cof/ffponéi Lo Cyc/e:/ Cy,
¢ ] ) 1~
/ X

L | ,
//filﬂ n /-/«_(7_/ Z»)/ as 16 15 s ?x




Bub Hhe other Lo are non 6’}'7'07’41, ej UE ogec Co,(T,7.) Such, bhak
00 mapped o the 274 cycle, bhen  present ;n o muse be bhe following

mMorrd ed Ma/n/lﬂ;

/
/
But then o muse éhe MOw}nJ,

-

/

eAc
."-’/
/n' *

¢ L €
s . -

ﬁwé %)f s @ Ce)néfﬂ/‘(//ﬂ'on, g v%e/n 6%3_ @é((jg.r marbed <  cooed A
be markel ftoice and  chus Janish .

&mi/ar ﬂgwman@’ §hot) %aé— %&fe are %e 07’)9 )61 — 6-;/{07\5?/ efs
ond amwe distanct.  Also %@ Coth Lhave oder 2, bhus

Ho (T 7.) = Z. & Z..

jr\m;/a/g/ /‘() (’7'/ Z;__)’ )'ZC’//(Q:_) Z Za.

Final word: As a//mdg mentiened | higtorscally, thir was éhe {6 movement.
Mow C&%&, people more often  Use cohomology rather  thon homo/aj;, wohich
has é&he é@n%’é Q}D A ring Structure ot gust an cbelian Jo%p, lead v
to @ more rgﬁng/ muariank. /ga/‘n, for bhe sake of shic  seminar, what
was  presensed  bere s suffsCiens.



