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Qéuet’sllue COM'[O(/UL—OL”HO/] ,

Faré i reveyrsi be mwmj machines .

Tn Deutsch’s 84 paper ” Quantam Theory, the Church //z/m'ng Frinciple and the
Universal Quantum Computer’. 16 is cxcplained how o Computational Step i his model
of guantum computadion s perfrmed. by appfgmﬂ Some witnry  operator fo A Lector
in_ Some Hilbert space. Since Chis opeator is untagy, it is in padicular jnvertible .
Thus, any  quantum Computaton musé at Jeast be rversible . Revers/ble  computation
has alse been Studied on its own for ks vanous apﬂ//'caﬁ'onr Jo He Comections
between thermal dynamics ond  computation, See " Mots on che H istory of Revesible Comprctatron,
b& Bennet ﬂ% a review) .

But what does 1t mean for o computation to be reversible?

I éAoMjé& of fwo  different possible definitions

/ﬂw/\e exists a TM M’ such that 7['0/’ all inputs v on
Which M halts, MMlw):w = MM (W) .

Not guite ~— M may have states
ftzing the

wnigué invese —p behawor, but Lshich art
of each }ma&a'(o never reached [03 any
Conseruct M, inpuwt.

U&EA‘FO conrider

plite Juring machines

(Cant move and then

read + corite )

//W_ transition ]QMCHO/; /S in)echve .

as simple as /\ which exhibit non-injechive

What e /\ea//y LoanNe s
D&FQ: A //(/U//.Wg machme M is reversible /']F it Can be “run bockwards" .

So He 1% delinition s close, but he behowvior and comstruction cj} M maters .

Bennett es;ené)a//; asks for the second &/eﬁn/%ion, and  then wuses ind'cc}im'y +o
construct M’ as in Ehe ,ﬁr'/Sé definition . The pmojﬂ ‘%9 theorem 1. (later) Shows this.



The gueshion now, s whot computztional limits are imposed , tohen /ec)eﬁr/'éi//'y
1S demonded at each Stage, e,

“Are some logically irreversible operations Necessary for Nomtrivial computatron

The omazing answer €o Ehis question s “no”! In Face there is no loss of
Computatzonal  power in a/emamaﬂ/gj reversibi /,‘y, Before (9o ,’,7/3 any 72(/{,%4,3/
Hwog%, these claims Ooy/)c’; to be stated more p/\ec&&g ,

FPart o,F the al’ef}n}ﬁon @f a Mr}nﬁ machine 1s a transition ﬁmo)-',on
§: @x 32 > R x 57 x {LEFT, RICHT, STA7T, tohere Q and = are  fLinte
is given by a Linite  set of Guintuples (Satisfying some conditions). The notation

(g, w)— (g w o) will be wsed for the quintuple (%w, 9, w) o) Aneguivalerc (in

Some Sense) Utriant of a 1’-(/(//@ machine is 4+hat of polite Ewring machmes, where +he
Eransitions which read/wrie +he tape are seperae. o +hose cohich move &he tape head .

Sets . 77;uy, IS

Def?: A polite turing mechine s a juring machine which moves the #ape headl AP e
Jeaves the égmbo/ ouse  read mchanged, /é/ the Eransition jﬁbmcﬁom IS Such Ehat

Vg, )= (g2 w o)es §  oellef,RTeHT  then w=w’.

The reason why these are considered s because +he reverse' of a TM s not .
%eckmca@ J/Deaé)y, a TM, as a THM is meant o rewoNte, Ehen mouve,

NoE  rmove and +then recvsridte .

For what follows, 16 wil] be conveniene to  talk about reversible mult toyse
mf/nﬂ machines , and mult-tape peolite  turing machines, voith evidene

d’eﬁn /5 0ns .



The focmal version of the statemenc any Hwring machine Can be made o

be reversible™ is as follows,

TL2 4 Jee M be any furing machine . Then +here €xcists a. rever</ble,

S~ tape, polite %af/'/)ﬂ machine S such that
£ M halts on inpuwt w, +hen S halts on input (o, e, ),

' MW)=wo) then SCw,o, w)= (o, o o).

and

Ahe rok of the second tape is to record a %}S—fog of the Steps
faken by M . However the theprem is guit unsubstanbal unless /& (s /‘eiai/%cf

that S erases this /'n]%rmaﬁon T he importance of the Eheorem is +he
Fﬂa’: that ¢ehis erasure can be done WS)L@,

Before  presenting the prosf of the theorem, the following theorem s
Men&ioned.,

ﬂml: Given o reversible multitape ,L(,miry machine . the cofre,sponc?}z/g
S}gé tape Hm@ machme s alro  revernsible

The prool is o mader of ﬁfe//cau%dJ chaosing the staks used ) the

COF/Ef/QOnd)/'/y Yi/ﬁ/c fape. TH . James’ construchon ﬁom lase (oeek Worbs w/Hh
only o few alterations needed. The detalls are tedious but a rgerous prOanC
can be found on page 193 of Kenichi Moritas //77:@0/;; of Reuersible Compu—h’rg‘l

(2017) .



Froofl sheech of eh™ 4

add 2 blank +apes

consErtuce o

aég an arb THM W/Jc)///‘@ (S}Vy/e L’a,oe) TH

3-tape , splt TH
Which executes 3

S’fvge,s_
[ZTwnTeTolT] T T [eTulTrlo][ T [eTulr]r]o]r] T [zTwlr]ulr] [ T
[T 1T 1TT1T anor FIEITeIRY T annw [FlzlsIrlefe{v[ anwr LI [T T [ ] [ |
LT T T I T 710 LT T T I T 710 [olulr]rlu]r] | [ofulr]rfu]r] |

Pf(?or? C%ﬂ th™ 4
lee M be an arbi(—,m furing machine, with transieion ﬁuncekon g (é%cuéj/)(: op as
a See of ium%up/e&) Lag/ éAe e,/e,meney O/ g O\)/'é‘L) /Im%egafs 14 é/ﬂf’bujA Eo

N in ang (/ua; WA@J"Q [S]=n.

For each quintuple, define a pair of @uaa@fap/a as ﬁ//ows/

+ | (g, tw)— (4, ', STAY)
(hh %ummlo/e (@/W)'—>(‘f,w’,d))'_> (cz/;z,w’)'—7 (Z’h/ W', o) )

/1/0w add  the /’)}S’éay andl ouepue  Eapes ond oﬂezﬁ/ne the Eransition ﬂxnc{—;o/)
to record Ehe A/:é@g So that the k¢ pair off 3-Eape iuacﬂ*up/c; s,

( , (W//_4’u)) —— (%’[2/ (w’/ Lo, s )/ (S(’AY/ RIGHT, ,STAV))
(i;!z, (W o)) —s (9’ (W, k, u), (6, STAY, STAY) )

This s acéua// the key step to the preof . T he Imporeant S’uée/eédq s +hae
1the 3- f—a/oe TH Joemé Lorite  the /mwo:g Ogﬁ Hﬁe 5’6670 at the same Eme as
wwémaq Image DJC +hat seep on ehe farse Cape . instead, & Lorites Ehe /4/0’6—0»27 as
the firse éqpe? head is making a movement. T his ensures thaé the number k
appears in exacb/; 2 guadruples. This /ua/f//éeéf )/’)Jac—/-[u*;gi as +the bk in ehe
image  of any %ap?m,a/e reduces the Sige of the preimage to 2, and the presence or
absence Od‘ﬁ the k in the Subscripe of the statk then /eafuces the p/\e/m%?e &o
have a amgue element .

Laseéj, co/a(cj}rg can C/ear/J be done reversibly, and erasing the h/wtag bape while
r\e%wm;?j the output ontape 1 fo the ipput is juse Ehe reverse of the Lime step cobich



}”)aSJuSé Leern seen & be reversible. 7

A technical poine
This progf doesnt —really~ descrile a sipgl revasible TM, but rather 3 back—o -
back ones, but ¢these can be made into a S)W/ﬁ TH é" 5’“7% (/(ﬂ/gaa
State pames GO each cf the fgges .

ﬂe next pare the tall is on reersible /g/'c gakes. //wfwﬂ machnes are «
theoeheal model of campectaton, ond logic goes mcke/ the actual engineering
behind computers .



[art 2, reversible [0q/c gates .
O

C/wr(/j, not all /0(7)6, Jotes are reversible, for example L an or 9ok (s
Emithng an electric Sijr)a(, It cannot be un)7u@/; determined  Lohat C@ﬁ@jo{fﬂﬁbﬂ

the mpub coires were in Lohowt more )»,Qrm—h'on.

An easy excample of a reversible logic gate is the //noé‘jaée/

Motation Teuth table
[> TPUT CUOTPUT
O 1
1 o

A similar 70{5:&}@7 to that of &he 7@'/\3‘6 pare of‘ chis éalk arises 7 is &here a
COM/J/aée Set ojp reversible /%»}c gaée:“?

Answoer. ves! T face, there is a  Complte  set of reversibe /cy/c gates Consv'.ré/ry

of o .S/'/y‘/c element !

ﬂ/'y 6/@;4/16/»& i the ConoT gac’:e.‘ ’f'lrSé/ the cioT jaéﬁ will Le a/e,ﬁned.

Oqfﬂ the C/(/ofjaee ( controlled  MoT 3aée)/ 1S j}uen Ld,

Metation - Truth table:
14 D A) /4, 2 A) 8)
(&) o o O ZIJ@M-”? jaﬁ&/cﬁ‘
B g’ o 1 o (i fA;o
1 o 1 1
- - - M ate, as A=1
L1 1 o jz i

The dea s thae a CNOT gaﬁe IS a ok ﬂa(:e cohich 1s “conérplled"
4 Ze/ Aecidled Lohecher 16 acts lihe a NOT gaée or an }deme{g ﬁaé/&) 5& the
70-}/”(6 )npu{e.



(

s ehen a 7 conersilled CA/O/‘jaéa\J and /'.cj/uf,n é(j

So H,e CC AT Jﬁée

//fué/q table:

/l/oéaé}on:

A A’ A B c | A B &
O o o O o O

R 8’ o o 1 o o 1

o 4 o o) 1 o

c c’ o 1 1 o 1 1

1 O ) 4 O o

1 o 1 1 o 1

1 1 o | 1 1 1

1 L O 1 O

Rewersible by j

}n;peceion,

ThY . T he cec Containing only the ccuoT Jate s complete.

Pf‘OOtp:
An  XOR gate can be simulated by a  cwot Jate bc‘j nderpretting outpue B as Xor (4,8)

)

A B B
O o O
© 1 1
1 © 1
1 1 O

ond  CMoT Jae@- can o/e,a.v;/j be simulated on a CccloT Cgaée,,

Moreover e output <’ of a CcuoT gate s ANDP (A,B8),

bJ

0 I

N0 O
= G »

Q ¢ Q0 ¢f»
= o o 0N



