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These equations express that certain surfaces are topologically equivalent rel
the boundary.

Topology of some basic algebraic operations. Some very basic principles are
in play here: ‘creation’, ‘coming together’, ‘splitting up’, ‘annihilation’. These
principles have explicit mathematical manifestations as algebraic operations:

Principle Feynman diagram 2D cobordism Algebraic operation (in a k-algebra A)

merging multiplication A ⊗ A → A

creation unit k → A

splitting comultiplication A → A ⊗ A

annihilation counit A → k

Note that in the intuitive description there is a notion of time involved which
accounts for the distinction between coming-together and splitting-up – or per-
haps ‘time’ is too fancy a word, but at least there is a notion of start and finish.
Correspondingly, in the algebraic or categorical description the notion of mor-
phism involves a direction: morphisms are arrows, and they have well defined
source and target.

It is an important observation from category theory that many algebraic
structures admit descriptions purely in terms of arrows (instead of referring to
elements) and commutative diagrams (instead of equations among elements).
In particular, this is true for the notion of an algebra: an algebra is a vector
space A equipped with two maps A ⊗ A → A and k → A, satisfying the as-
sociativity axiom and the unit axiom. Now according to the above dictionary,
the left-hand relation of Equation (1) is just the topological expression of asso-
ciativity! Put in other words, the associativity equation has topological content:
it expresses the topological equivalence of two surfaces (or two graphs).


